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The interpretation of neutrino oscillation data has led to the question whether, in principle, an
antiparticle like antineutrino can have a different mass than its particle. In the framework of a Lorentz
invariant CPT violation, which is based on the nonlocal interaction vertex and characterized by the
infrared divergent form factor, we present an explicit Lagrangian model for the fermion and antifermion
mass splitting.
© 2012 Published by Elsevier B.V.1. Introduction
It is important to study the possible violation of CPT symme-
try [1], in particular in the framework of Lorentz invariant theory.
A Lorentz invariant CPT violation, which may be termed as long
distance CPT violation in contrast to the familiar short distance CPT
violation [2], has been recently proposed in [3].
The interest in CPT violation and its possible implication on
Lorentz invariance breaking has been recently revived due to the
neutrino oscillation experiments, whose theoretical interpretation
is favoured if the muon antineutrino mass were different than
muon neutrino mass [4–6].
The scheme proposed in [3] is based on a nonlocal interaction
vertex and characterized by an infrared divergent form factor. To
be deﬁnite, the idea is illustrated by the Yukawa-type Lagrangian
L= ψ¯(x)[iγ μ∂μ − M]ψ(x) + 1
2
∂μφ(x)∂
μφ(x) − 1
2
m2φ2(x)
+ gψ¯(x)ψ(x)φ(x) − V (φ)
+ g1ψ¯(x)ψ(x)
∫
d4 y θ
(
x0 − y0)δ((x− y)2 − l2)φ(y). (1.1)
This Lagrangian is formally Hermitian and the term with a small
real g1 and the step function θ(x0 − y0) stands for the CPT and T
violating interaction; l is a real constant parameter.
We ﬁrst note that the present way to introduce CPT violation is
based on the extra form factor in momentum space as
g1
∫
d4x ψ¯(x)ψ(x)
∫
d4 y θ
(
x0 − y0)δ((x− y)2 − l2)φ(y)
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∫
dp1 dp2 dq
∫
d4x ψ¯(p1)e
−ip1xψ(p2)e−ip2x
×
∫
d4 y θ
(
x0 − y0)δ((x− y)2 − l2)φ(q)e−iqy
= g1
∫
dp1 dp2 dq (2π)
4δ4(p1 + p2 + q)
× ψ¯(p1)ψ(p2) f (q)φ(q), (1.2)
where we deﬁned f (q) ≡ ∫ d4z θ(z0)δ(z2 − l2)eiqz , namely, CPT vi-
olation is realized by the insertion of the form factor f (q) into
the ψ¯ψφ coupling in momentum space. The ordinary local ﬁeld
theory is characterized by δ(z) and f (q) = 1. The above form fac-
tor is infrared divergent, and it is quadratically divergent in the
present example. This infrared divergence arises from the fact that
we cannot divide Minkowski space into (time-like) domains with
ﬁnite 4-dimensional volumes in a Lorentz invariant manner. The
Minkowski space is hyperbolic rather than elliptic. CPT symmetry
is related to the fundamental structure of Minkowski space, and
thus it is gratifying that its possible breaking is also related to the
basic property of Minkowski space.
For the later use, it is convenient to deﬁne the form factors
f±(p) =
∫
d4z1 e
±ipz1θ
(
z01
)
δ
(
(z1)
2 − l2), (1.3)
which are inequivalent for time-like p due to the factor θ(z01). For
time-like momentum p, one may choose a suitable Lorentz frame
such that p = 0 and
f±
(
p0
) = 2π
∞∫
0
dz
z2e±ip0
√
z2+l2
√
z2 + l2 , (1.4)
while for space-like momentum p one may choose a suitable
Lorentz frame such that p0 = 0 and
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∞∫
0
dz z
sin z√
z2 + (|p|l)2 , (1.5)
which is analogous to the Fourier transform of the Coulomb po-
tential and real. The expression f±(p) is mathematically related to
the formula of the two-point Wightman function (for a free scalar
ﬁeld), which suggests that f±(p) is mathematically well-deﬁned
for p = 0 at least in the sense of distribution.
The Lagrangian in (1.1) may be quantized by the path inte-
gral by integrating the formal equations of motion by means of
Schwinger’s action principle [7], whose basis is analogous to that
of the Yang–Feldman formulation [8]. We thus have the gener-
ating functional 〈0,+∞ | 0,−∞〉 J with the source term L J =
ψ¯(x)η(x) + η¯(x)ψ(x) + φ(x) J (x), and one may generate Green’s
functions in a power series expansion of perturbation as
(i)n
〈
T 
φ(x1) . . . φ(xN)
∫
d4 y1LI (y1) . . .
∫
d4 ynLI (yn)
〉
, (1.6)
where we consider only N scalar particles as external ﬁelds, for
simplicity. We use the covariant T 
-product which is essential to
make the path integral on the basis of Schwinger’s action principle
consistent [7].
On the basis of this quantization, it is conﬁrmed [9] that the
time-reversal non-invariance in the square of the probability am-
plitudes for the processes φ → ψ¯ψ and its time reversed formation
process,
∣∣A(φ → ψ¯ψ)∣∣2 = ∣∣A(ψ¯ψ → φ)∣∣2, (1.7)
is realized after averaging over spin directions for the processes
φ → ψ¯ψ and ψ¯ψ → φ as a result of the interference of two
phases, θi and ±θCPT. Here θi is the dynamical phase of the Yukawa
theory generated by one-loop corrections and ±θCPT is the phase
generated by our CPT- and T-violating interaction. This shows that
the T-violation in (1.1) is genuine. It is convenient to choose the
masses such that 3M > m > 2M , which makes the above decay
mode the only allowed decay mode.
2. Lagrangian model of fermion mass splitting
2.1. Lagrangian formalism
In the present nonlocal formulation, we have a new possibility
which is absent in a smooth nonlocal extension of the CPT-even lo-
cal ﬁeld theory. The term iμψ¯(x)ψ(y) (to be precise, iμψ¯(x)ψ(x))
with a real μ does not appear in the local Lagrangian since it is
canceled by its Hermitian conjugate. Also this term is CPT-odd.
But in the present nonlocal theory one can consider the Hermi-
tian combination∫
d4xd4 y
[
θ
(
x0 − y0)− θ(y0 − x0)]
× δ((x− y)2 − l2)[iμψ¯(x)ψ(y)], (2.1)
which is non-vanishing. Under CPT, we have iμψ¯(x)ψ(y) →
−iμψ¯(−y)ψ(−x). By performing the change of integration vari-
ables −x → y and −y → x, this combination is conﬁrmed to be
CPT = −1. In fact, we have the following transformation properties
of the operator part:
C : iμψ¯(x)ψ(y) → iμψ¯(y)ψ(x),
P : iμψ¯(x0, x)ψ(y0, y) → iμψ¯(x0,−x)ψ(y0,−y),
T : iμψ¯(x0, x)ψ(y0, y) → −iμψ¯(−x0, x)ψ(−y0, y), (2.2)and thus the overall transformation property is C = −1, P = 1,
T = 1. Namely, C = CP = CPT = −1.
It is thus interesting to examine a new action
S =
∫
d4x
{
ψ¯(x)iγ μ∂μψ(x) −mψ¯(x)ψ(x)
−
∫
d4 y
[
θ
(
x0 − y0)− θ(y0 − x0)]δ((x− y)2 − l2)
× [iμψ¯(x)ψ(y)]
}
, (2.3)
which is Lorentz invariant and Hermitian. For the real parame-
ter μ, the third term has C = CP = CPT = −1 and no symmetry
to ensure the equality of particle and antiparticle masses.
The Dirac equation is replaced by
iγ μ∂μψ(x) =mψ(x)
+ iμ
∫
d4 y
[
θ
(
x0 − y0)− θ(y0 − x0)]
× δ((x− y)2 − l2)ψ(y). (2.4)
By inserting an ansatz for the possible solution
ψ(x) = e−ipxU (p), (2.5)
we have
/pU (p) =mU (p)
+ iμ
∫
d4 y
[
θ
(
x0 − y0)− θ(y0 − x0)]
× δ((x− y)2 − l2)e−ip(y−x)U (p)
=mU (p) + iμ[ f+(p) − f−(p)]U (p), (2.6)
where f±(p) is the Lorentz invariant form factor deﬁned in (1.3).
The (off-shell) propagator is deﬁned by∫
d4x eip(x−y)
〈
T 
ψ(x)ψ¯(y)
〉
= i
/p −m + i − iμ[ f+(p) − f−(p)] , (2.7)
which is manifestly Lorentz covariant. Note that we use the T 
-
product for the path integral in accord with Schwinger’s action
principle, which is based on the equation of motion (2.4) with a
source term added:
〈0,+∞ | 0,−∞〉 J =
∫
Dψ¯Dψ exp i
{
S +
∫
d4xL J ]
}
, (2.8)
where the action S is given in (2.3) and the source term is L J =
ψ¯(x)η(x) + η¯(x)ψ(x). The T 
-product is quite different from the
canonical T -product in the present nonlocal theory, and in fact
the canonical quantization is not deﬁned in the present theory.
It is however important to note that the T 
-product can repro-
duce all the results of the T -product, if the T -product is well-
deﬁned, by means of the Bjorken–Johnson–Low prescription [7]. In
the present example, the presence of the sine-function in the de-
nominator of the correlation function complicates this procedure,
which is an indication of the absence of the canonical quantiza-
tion of (2.3). We also emphasize that the analysis of the mass-
splitting can be performed in terms of the exact solution of the
(modiﬁed) free Dirac equation (2.4), which also deﬁnes the prop-
agator in the present path integral prescription. After all, Dirac
discovered the antiparticle by solving his equation exactly. The
propagator (2.7) is also an exact propagator for (2.3) in the sense
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thus it could describe the particle and antiparticle propagation if
one understands the antiparticle as negative energy mode prop-
agating backward in time. However, if one attempts to describe
the particle and antiparticle propagation with deﬁnite masses by
pole approximation, for example, then the off-shell Lorentz co-
variance of the propagator (2.7) is lost, as is discussed later (see
Eq. (2.17)).
For space-like p, the extra term with μ in the denominator of
the propagator (2.7) vanishes since f+(p) = f−(p) for p = (0, p),
as appears from (1.5). Thus the propagator has poles only at time-
like momentum, and in this sense the present Hermitian action
(2.3) does not allow a tachyon. By assuming a time-like p, we go
to the frame where p = 0. Then the eigenvalue equation becomes
p0γ0 =m + iμ
[
f+(p0) − f−(p0)
]
, (2.9)
namely,
p0γ0 =m − 4πμ
∞∫
0
dz
z2 sin[p0
√
z2 + l2 ]√
z2 + l2 , (2.10)
where we used the explicit formula in (1.4). The solution p0 of this
equation (2.10) determines the possible mass eigenvalues.
This eigenvalue equation under p0 → −p0 becomes:
−p0γ0 =m + 4πμ
∞∫
0
dz
z2 sin[p0
√
z2 + l2 ]√
z2 + l2 . (2.11)
By sandwiching this equation by γ5, which is regarded as CPT op-
eration, we have
−p0γ0 = −m − 4πμ
∞∫
0
dz
z2 sin[p0
√
z2 + l2 ]√
z2 + l2 , (2.12)
i.e.,
p0γ0 =m + 4πμ
∞∫
0
dz
z2 sin[p0
√
z2 + l2 ]√
z2 + l2 , (2.13)
which is not identical to the original equation in (2.10). In other
words, if p0 is the solution of the original equation, −p0 cannot
be the solution of the original equation except for μ = 0. The last
term in the Lagrangian (2.3) with C = CP = CPT = −1 splits the
particle and antiparticle masses.
As a crude estimate of the mass splitting, one may assume
μ m and solve these equations iteratively. If the particle mass
for (2.10) is chosen at
p0 m − 4πμ
∞∫
0
dz
z2 sin[m√z2 + l2 ]√
z2 + l2 , (2.14)
then the antiparticle mass for (2.13) is estimated at
p0 m + 4πμ
∞∫
0
dz
z2 sin[m√z2 + l2 ]√
z2 + l2 . (2.15)
2.2. Canonical description
Once one ﬁnds eigenvalues, one may examine the behavior of
the off-shell propagator (2.7) around those pole positions approxi-
mately and may apply the Bjorken–Johnson–Low (BJL) prescriptionto reveal the canonical structure [7]. Then one ﬁnds an opera-
tor description of those particle and antiparticle with different
masses, although the manifest invariance is lost. (This is somewhat
analogous to the electromagnetic ﬁeld. The off-shell Maxwell equa-
tion is manifestly Lorentz covariant but if one applies the physical
Coulomb gauge to deﬁne the photon, the manifest invariance is
lost.) We would like to explain the basic steps of this procedure.
If one denotes the particle mass by m+ and antiparticle mass
by m− , respectively, we have approximately near the pole positions
of the propagator in (2.7):
∫
d4x eip(x−y)
〈
T 
ψ(x)ψ¯(y)
〉  i
/p −m+ + i , for p0 > 0,
 i
/p −m− + i , for p0 < 0.
(2.16)
The ﬁrst step of BJL prescription is to examine the large p0 behav-
ior of the right-hand side of the Fourier transform, which goes to
0 in the present case. In this case, we replace the T 
-product by
the canonical T -product.
From the point of view of the ﬁeld product ψ(x)ψ¯(y), T is sup-
posed to specify the product even for the precise coincident time
x0 = y0, while T 
 speciﬁes the product only for x0 = y0 and the
behavior of the product for x0 − y0 → 0 is examined subsequently.
These two procedures agree with each other for the theories where
ordinary canonical quantization is well-deﬁned, but in general they
do not agree with each other. The Schwinger term, for exam-
ple, is identiﬁed by this disagreement. If the short-time limit is
well-speciﬁed by T , the Riemann–Lebesgue lemma in the Fourier
transform implies that the large frequency limit of the T -product
vanishes. This is the basis of the replacement of T 
 by T below [7].
We thus have the relations, which are more speciﬁc than (2.16)
but still approximate, although we use the equality symbol:
∫
d4x eip(x−y)
〈
Tψ+(x)ψ¯+(y)
〉 = iΛ+(m+)
p2 −m2+ + i
, for p0 > 0,
∫
d4x eip(x−y)
〈
Tψ−(x)ψ¯−(y)
〉 = iΛ−(m−)
p2 −m2− + i
, for p0 < 0,
(2.17)
where we have separated ψ into positive ψ+(x) and negative
ψ−(x) frequency components. We used the positive energy and
negative energy projection operators constructed by the solutions
of (2.6), where Λ+(m) + Λ−(m) = /p +m for the equal mass case.
The ﬁnal step of BJL prescription is to multiply both sides of the
relations in (2.17) by p0 and consider the large p0 limit. For exam-
ple,
p0
∫
d4x eip(x−y)
〈
Tψ+(x)ψ¯+(y)
〉
= −i
∫
d4x
∂
∂x0
eip(x−y)
〈
Tψ+(x)ψ¯+(y)
〉
= i
∫
d4x eip(x−y) ∂
∂x0
〈
Tψ+(x)ψ¯+(y)
〉
= i
∫
d4x eip(x−y)
[〈
δ
(
x0 − y0){ψ+(x), ψ¯+(y)}〉
+
〈
T
∂
∂x0
ψ+(x)ψ¯+(y)
〉]
= ip0Λ+(m+)
p2 −m2 + i . (2.18)+
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〈T ∂
∂x0
ψ+(x)ψ¯+(y)〉 goes to 0 in this limit since it is always deﬁned
to satisfy the Riemann–Lebesgue type condition, which speciﬁes
the separation between the commutator part and the T -product
part uniquely. We thus conclude from the last two relations in
(2.18)
δ
(
x0 − y0){ψ+(x),ψ†+(y)} = 12 δ4(x− y),
δ
(
x0 − y0){ψ−(x),ψ†−(y)} = 12 δ4(x− y), (2.19)
where the second relation follows from the second relation in
(2.17). Note that at extremely high energies, the mass difference
does not matter at least in the ﬁxed mass approximation. In this
way, we obtain an approximate canonical description of the CPT-
violating fermion with mass splitting. The basic approximation
involved in the transition from the manifestly Lorentz covariant
off-shell propagator to the approximate canonical description is the
identiﬁcation of the pole structure in (2.16), which is exact for the
case of an identical (momentum-independent) mass.
3. Conclusion
We have presented a simple Lorentz invariant CPT violating La-
grangian model in (2.3), which produces the splitting of particle
and antiparticle masses. The simple Lagrangian model will provide
a useful theoretical laboratory when one investigates Lorentz in-
variant CPT violation effects.
Besides the fact that both CPT and Lorentz invariance are two
fundamental symmetries in physics, whose violations have not
been hitherto observed, the relation between the two symmetries
and their possible breaking are of considerable theoretical and ex-
perimental interest. Recent MINOS neutrino experiments with their
favoured interpretation through a mass difference for muon neu-
trino and antineutrino have revived interest in CPT violation and
its possible implication on Lorentz invariance breaking [4–6].
It is an interesting question whether the CPT violation in our
model could be a long-distance effective description of some mod-
iﬁed structure of space–time at short distances, for example.
Our Lagrangian is nonlocal and the local gauge principle cannot
be directly applied to it. Nevertheless, its novelty is the speciﬁc
realization of a CPT-odd and Lorentz invariant model, showing a
mass splitting of fermions and, in general, of any particle and its
antiparticle.
Nonlocal quantum ﬁeld theories are well known to have dif-
ﬁculties with unitarity among others. The Yang–Feldman formal-
ism [8], or the related path integral version [7], is an attempt to
make sense out of this nonlocal theory but it does not resolve the
basic diﬃculties. In the case of the Yukawa model in (1.1), onecan conﬁrm that the tree level or one-loop corrections with the
CPT violating term give rise to sensible results [9]. As for the free
Lagrangian in (2.3) we do not directly encounter the diﬃculties
associated with unitarity, but we need to analyze the issue when
one extends the model to incorporate non-trivial interactions. This
is the major remaining task left to the idea of Lorentz invariant
CPT violation.
Relaxing the quadratic CPT violating term in the Lagrangian
used in the present work, the question remains as of which sym-
metry is responsible for the equality of the masses of particle and
antiparticle. By invoking a CPT violating gauge–invariant interac-
tion, one can show that the equality of masses persists [10]. We
thus infer that as long as the quadratic part in the Lagrangian is
not altered, the equality of the masses of particle and antiparticle
is due to Lorentz invariance rather than to CPT.
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